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This research article presents the theoretical investigation to study the mechanical and thermal properties of

hexagonal closed-packed structured ScTiZr and ScTiHf ternary alloys. Lennard-Jones potential model has been

used to compute the second order and third order elastic constants (SOECs and TOECs). The study focuses on

elastic properties such as elastic moduli, ultrasonic velocities in different directions of hexagonal closed-packed

cell, thermal properties such as heat capacity, thermal energy density and lattice thermal conductivity and ultrasonic

attenuation due to phonon-phonon interactions and thermo-relaxation mechanism. It has been found that ScTiHf

has more stiffness and tensile strength than ScTiZr. Heat capacity follows Dulong-Petit law and ultrasonic attenuation

due to phonon-phonon interactions is predominant over that due to thermo-relaxation mechanism.

Keywords: Ternary alloys, elastic and thermal properties, Lennard-Jones potential, ScTiZr and ScTiHf alloys,

ultrasonic attenuation.

In recent years, there has been a growing interest in

the development and application of advanced alloys in

various industries1,2. One area of focus is the study of

mechanical and thermal properties of alloys, as these

properties play a crucial role in determining their

suitability for industrial applications. The study of alloy

properties is essential for understanding their behaviour

under different conditions and for optimizing their

performance in industrial applications. One aspect that

significantly affects the properties of alloys is their

crystallographic configuration3,4. Substitutional solid

solutions, such as alloys, can exist in both ordered and

disordered states, leading to marked differences in their

physical properties5. The ordering of alloys can result

in major crystallographic reconfigurations, altering the

atomic basis, symmetry, and periodicity of the material.

In alloys, refractory high entropy alloys, composed of

refractory metals such as Ti, Zr, Hf, Nb etc have been

extensively explored for their excellent mechanical and

thermal properties and industrial applications6-8.

J. Pure Appl. Ultrason. 45 (2023) pp. 50-59

ScTiHf and ScTiZr are two potential alloy systems

that combine the individual properties of scandium (Sc),

titanium (Ti), hafnium (Hf), and zirconium (Zr). Sc is

the lightest transition metal with good thermal

conductivity and tensile strength, while Ti, Hf, and Zr

are excellent refractory metals known for their

extraordinary mechanical and thermal properties,

including high tensile strength, resistance to wear and

tear, and high-temperature resistance.

The combination of these elements in ScTiHf and

ScTiZr alloys offers the potential for enhanced

mechanical and thermal properties compared to their

individual constituents. Previous studies have

investigated the effects of Sc and Y additions on the

properties of HCP structured TiZrHf alloys and found

improved strength and ductility in TiZrHfSc alloys

compared to TiZrHf alloys9. Thermoelastic behaviour

studies have also been conducted on ScTiZr, ScTiHf,

ScZrHf, and ScTiZrHf alloys, evaluating various

properties of these alloys10.

While there have been some experimental and

theoretical studies on HCP structured high-entropy# Life member, Ultrasonic Society of India
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alloys, there is still a lack of investigation into

temperature-dependent elastic constants, thermal

properties, and ultrasonic properties for HCP structured

ScTiHf and ScTiZr alloys11-13. Therefore, this research

paper aims to fill this gap by utilizing a theoretical

approach to determine temperature-dependent second-

order elastic constants (SOECs), third-order elastic

constants (TOECs), elastic moduli, Poisson's ratio,

ultrasonic velocities, Debye average velocity, Debye

temperature, thermal energy density, heat capacity, and

ultrasonic attenuation for HCP structured ScTiHf and

ScTiZr alloys.

By investigating the mechanical and thermal properties

of ScTiHf and ScTiZr alloys, this research aims to

provide valuable insights into the potential applications

of these alloys in high-pressure and high-temperature

environments. The results of this study can contribute

to the optimization and development of these alloys for

various industrial applications, such as aerospace,

automotive, and energy sectors.

Theory

The theoretical approach used in this study involves

the utilization of the Lennard-Jones potential method to

compute the SOECs and TOECs at different

temperatures for ScTiHf and ScTiZr alloys. The

formulation for calculating the independent SOECs and

TOECs can be found in the literature14-16. For computing

SOECs and TOECs, temperature dependentlattice

parameters were taken from the literature17. The bulk

modulus, modulus of rigidity and Young's modulus are

computed using the Voigt-Reuss-Hill method for

hexagonal crystals18,19.

Additionally, the ultrasonic velocities are important

parameters for estimating the mechanical properties of

materials1. These velocities, including the longitudinal

(VL), quasi-shear (VS1), and shear (VS2) modes, can be

calculated along different angles () with the unique

axis of a hexagonal close-packed (HCP) crystal20 with

following formulation:
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Where CIJ are SOECs. The Debye average velocity

(VD) and Debye temperature (D) aredetermined using

these ultrasonic velocities14,20,21 as follows:
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Additionally, the Debye model for heat capacity is

utilized to evaluate the heat capacity (CV) and thermal

energy density (Eo) of medium-entropy alloys at various

temperatures(T)22  with the help of following

formulation:
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The thermal properties, such as heat capacity, thermal

energy density, and thermal conductivity, are important

to investigate for potential materials used in high

pressure and temperature conditions. These properties

provide valuable information about the future

performance of the materials22. For lattice thermal

conductivity, Morelli and Slack23 have deduced

theoretical formulation as below:

3

2 2/3

a DM
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


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where  is the cube root of volume per atom (in ?), n is

the number of atoms per unit cell, Ma (in amu) is average

atomic mass, T is the temperature (in K),  is Grüneisen

constant and A is a proportionality constant.

The mechanical properties of solid and liquid

materials, such as elastic moduli, mechanical stability,

thermal conductivity, and heat capacity, are closely

related to ultrasonic attenuation24. At high temperatures,

the main causes of ultrasonic attenuation in solids are

phonon-phonon interaction also known as Akhiezer

loss and loss due to thermo-elastic relaxation
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mechanism24-26. The formulation for evaluating the

ultrasonic absorption coefficient over frequency squared

(/f 2) due to phonon-phonon interaction for longitudinal

and shear modes has been developed by Mason and

Bateman27,28. This formulation takes into account

parameters such as the acoustic coupling constant (D),

ultrasonic velocity (V), square average and average

square Grüneisen numbers   2 2

 and  j j

i i  and
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Additionally, the ultrasonic attenuation due to thermo-

relaxation mechanism can be computed using the

Grüneisen numbers, temperature (T), thermal

conductivity (), and longitudinal ultrasonic velocity

(VL)29:
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These relationships provide valuable insights into the

behaviour of materials under ultrasonic waves and

contribute to the understanding of their mechanical

properties.

Results and Discussion

Mechanical Properties : The Fig. 1 depicts the

estimated SOECs and TOECs for ScTiHf and ScTiZr in

Fig. 1. Temperature dependent SOECs of (a)ScTiHf, (b) ScTiZr and TOECs of (c) ScTiHf and (d) ScTiZr in GPa
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the temperature range of 0K-900K. It is well shown in

the figure that the SOECs and TOECs for both the

material show the similar effect of decrement with

increasein temperature but the SOECs for ScTiHf are

higher in comparison to that of ScTiZr. TOECs for both

the alloys have negative values confirming a distinct

relationship between direction of applied stress and

deformity in different directions30.

The temperature dependence of different moduli for

both of the alloys has been shown in the Fig. 2. The

elastic moduli for ScTiHf are higher than that of ScTiZr.

With this, it can be said that that ScTiHf have higher

tensile strength that ScTiZr. It is also clear from the

figure that the all the moduli decrease with increase in

temperature. This could be related to increased lattice

vibrations and deformation due to high temperature31.

Fig. 2. Temperature dependent Bulk modulus (B), modulus

of rigidity (G) and Young's modulus (Y) in GPa

Fig. 3. Temperature and direction dependent ultrasonic velocities in (a) longitudinal, (b) quasi-shear, (c) shear modes of viberation

and (d) Debye average velocity in 103 m/s for ScTiHf

Ultrasonic velocities in longitudinal (VL), quasi-shear

(VS1) and shear (VS2) modes of vibrations and Debye
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average velocity (VD) at different angle with unique

axis of the HCP crystal in the temperature range of 0-

900K have been evaluated for ScTiHfand ScTiZr by

following the formulation given by equations (1)-(4)

and presented in the Fig. 3 and Fig. 4 respectively.

For ScTiHf, the longitudinal wave velocity VL reduces

as temperature rises, but it also lowers as angle risesup

to 45° with the special axisand then begins to rise once

more from 45° to 90°. The highest velocity at 90° and

0K is 5.31×103 m/s. Although, quasi-shear wave velocity

(VS1) also declines with temperature, is has a maximum

value of 3.27×103 m/s at a 45° angle.

Temperature causes a monotonic drop in the shear

velocity VS2, whereas angle causes an increase. The

maximum value of 3.43×103 m/s at 0 K temperature

and angle = 55° is displayed by the Debye average

velocity VD, which exhibits characteristics comparable

to quasi-shear wave velocity.

Fig. 4 clearly shows thatthe longitudinal wave velocity

VL of ScTiHf decreases as temperature rises, but it also

decreases as angle climbs up to 45° with the unique axis

and then begins to rise again from 45° to 90°. At 90°

and 0 K, the maximum velocity (VL) is 6.21×103 m/s.

Although the quasi-shear wave velocity (VS1) decreases

with temperature, it reaches a maximum of 3.84 × 103

m/s at a 45° angle. Temperature induces a monotonic

decrease in VS2, whereas angle generates an increase.

The Debye average velocity VD, which exhibits features

similar to quasi-shear wave velocity, has a maximum

value of 4.02×103 m/s at 0 K temperature and angle =

55°.

Though, theses velocities could not be verified due to

Fig. 4. Temperature and direction dependent ultrasonic velocities in (a) longitudinal (VL), (b) quasi-shear (VS1), (c) shear (VS2)

modes of vibrations and (d) Debye average velocity in 103 m/s for ScTiZr
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unavailability in the literature, we could find a fair

agreement of HCP alloys' ultrasonic velocity values

when comparing to those of other HCP metals and alloys

in literature26,32,33.

Thermal Properties : The Debye temperature for

ScTiHf and ScTiZr alloys decrease from 314.68 K to

303. 96 K and 367.53 K to 355.85 K respectively with

increase in temperature from 0-900K. The heat capacity

(CV) and thermal energy density (Eo) at different

temperatures for both alloys have been computed using

Debye temperature following equations (6)-(7) and

plotted in the Fig. 5. The heat capacity, initially increases

with temperature but becomes almost constant at higher

temperature confirming the Dulong-Petit law34 and

thermal energy density shows a linear increment with

temperature.

phonon scattering at high temperature35. At lower

temperatures, the thermal conductivity of ScTiHf is

higher than that of ScTiZr but becomes slightly lesser

than that of ScTiZr at 300 K and higher temperatures.

Ultrasonic attenuation : The main objective of the

present study is to investigate the ultrasonic behaviour

of the metal alloys ScTiHf and ScTiZr. This is because

the ultrasonic attenuation is directly related to the

thermoelastic properties of the material36. The study

focuses on two types of ultrasonic attenuation: Akhiezer

loss, which is caused by phonon-phonon interaction,

and thermoelastic relaxation. These types of attenuation

are of particular interest because they have a significant

impact on the material's properties at high temperatures

(>100 K)36,37. The ultrasonic attenuations for ScTiHf

and ScTiZr have evaluated using equations (9)-(11) and

presented in Fig. 7 and Fig. 8 respectively.

The ultrasonic attenuation in the longitudinal mode,

denoted as (/f 2)L, increases with increase in

temperature but exhibits its highest value of 353.87 ×

10–17 Np s2/m for ScTiHf 296.75 × 10–17 Np s2/m for

ScTiZr at a temperature of 900 K and an angle of 45°

with the unique axis. Previous research has suggested

that the dominant form of attenuation is due to phonon-

phonon interaction, surpassing other forms such as

thermo-elastic relaxation38. This is further supported

by the plots in Fig. 7 and Fig. 8, which clearly

demonstrate this trend.

The ultrasonic attenuation in shear modes of vibration

presented in plot (b) of Fig. 7 and Fig. 8 for ScTiHf and

ScTiZr, respectively increases with increase in

Fig. 5. Heat capacity (CV) and thermal energy density (Eo) at

different temperatures for ScTiHf and ScTiZr.

Fig. 6. Lattice Thermal Conductivity of ScTiHf and ScTiZr

at different temperatures

Study of thermal conductivity not only provide insight

into the mechanisms governing heat transfer in complex

materials, but also leads to advancement in our

understanding of phonon transport, lattice dynamics,

and thermal transport phenomena in alloys. In addition,

it helps in the design and development of new materials

with tailored thermal properties. Considering these

merits, the lattice thermal conductivity for ScTiHf and

ScTiZr at different temperatures along the unique axis

has been evaluated using equation (8) and presented in

the Fig. 6. The lattice thermal conductivity decreases

with increase in temperature and is 10.41 W/mK for

ScTiHf and 13.07 W/mK ScTiZr at 300K. The decrease

in lattice thermal conductivity with increasing

temperature can be attributed to increased phonon-
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temperature but shows decrement with increase in angle

with unique axis. The ultrasonic attenuation resulting

from thermo-relaxation mechanism also depicts similar

trend to the ultrasonic attenuation in longitudinal waves

but the direction is much more dominant in the case of

thermo-relaxation mechanism and the attenuation is in

range of 10–24 Np s2/m, which again confirms the that

the phonon-phonon interaction dominates.

The total attenuation is sum of the ultrasonic

attenuation due to phonon-phonon interactions including

both longitudinal and shear modes of vibrations and

due to thermo-relaxation mechanism. It is already

established that the attenuation in longitudinal modes

of vibrations is much higher than other type of

attenuations, therefore the total attenuation, also, follow

the trend of ultrasonic attenuation in longitudinal waves

as presented in the plot (d) of Fig. 7 and Fig. 8 for

ScTiHf and ScTiZr ternary alloys.

The following important conclusions have been drawn

on the basis of results in our investigation:

 The results are in good agreement with the available

literature and thus, signify the importance and

applicability of the Lennard-Jones potential model

employed in this study.

 ScTiHf have more stiffness and tensile strength

Fig. 7. Temperature and direction dependent Ultrasonic attenuation in (a) longitudinal (10–17 Np s2/m), (b) shear (10–17 Np s2/

m), (c) due to thermo-relaxation mechanism (10–24 Np s2/m), and (d) total attenuation (10–17 Np s2/m) for ScTiHf



57RAMANSHU ET AL.: THEORETICAL AND MECHANICAL FEATURES IN ScTiZr AND ScTiHf

Fig. 8. Temperature and direction dependent Ultrasonic attenuation in (a) longitudinal (10–17 Np s2/m), (b) shear (10–17 Np s2/

m), (c) due to thermo-relaxation mechanism (10–24 Np s2/m) and (d) total attenuation (10–17 Np s2/m) for ScTiZr

than ScTiZr.

 Heat capacity of both the alloys shows similar trend

with temperature and follow Dulong-Petit law.

 The thermal conductivity of ScTiHf is greater than

that of ScTiZr at lower temperature but at 300K

and above, the thermal conductivity of ScTiZr is

slightly greater than that of ScTiHf.

 The ultrasonic attenuation in ScTiHf is greater than

that in ScTiZr.

 For both of the alloys, the ultrasonic attenuation

in longitudinal modes of vibrations is found to

be predominant over attenuation in the shear mode

of vibration and thermoelastic relaxation

mechanism.
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